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1 Details of the Optimal Taxation Problem

This appendix provides further details to the Ramsey optimal taxation problem formulated in Section 3 in
my paper "Why Are Capital Income Taxes So High?". The structure of this appendix is as follows. First
the basic optimization problem from the paper is repeated, but for the special case where optimization is
with respect to a single household�s welfare. It it is then demonstrated that all households with identical
wealth-to-earnings ratios prefer the same policies. Thereafter it is demonstrated that the policy that is
the result of optimization with respect to the welfare of a group of households also maximizes the welfare
of one particular household. Finally, the optimization problem with the additional constraint that the
capital-income tax rate cannot exceed the initial tax rate is presented.

1.1 The Basic Optimization Problem with a Single Optimized Household

Consider the problem described in Section 3 and Appendix A in the paper, but suppose that I = 1 and
!1 = 1 so that a single household�s welfare is optimized. That problem then describes the optimal policy
�� for a household with initial wealth a0 and productivity z. The equations characterizing the resulting
outcome (A.1-A.14 in Appendix A) are repeated here as equations (1) to (14) for convenience.

X
�t [uCtCt + uHtHt] =

uC0R0A0
1 + � c

(1)

X
�t [uctct + uhtht] =

uc0R0a0
1 + � c

(2)

Ct +Kt+1 +G = F (Kt; ZHt) + (1� �)Kt (3)
uct+1
uct

=
uCt+1
uCt

(4)

uht
zuct

=
uHt
ZuCt

(5)

for t > 0
Wct + �tucctuCt+1 � �t�1uCt�1ucct=� + �t [zucctuHt � ZuCtucht] = 0 (6)

WCt � �tuCCtuct+1 + �t�1uct�1uCCt=� + �t [zuctuCHt � ZuCCtuht] = �t (7)
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Wht + �tuchtuCt+1 � �t�1uCt�1ucht=� + �t [zuchtuHt � ZuCtuhht] = 0 (8)

WHt � �tuCHtuct+1 + �t�1uct�1uCHt=� + �t [zuctuHHt � ZuCHtuht] = ��tZFLt (9)

for t = 0

Wc0 + �0ucc0uC1 + �0 [zucc0uH0 � ZuC0uch0] =
�ucc0R0a0
1 + � c

(10)

WC0 � �0uCC0uc1 + �0 [zuc0uCH0 � ZuCC0uh0] = �0 +
�uCC0R0A0
1 + � c

(11)

Wh0 + �0uch0uC1 + �0 [zuch0uH0 � ZuC0uhh0] =
�uch0R0a0
1 + � c

(12)

WH0 � �0uCH0uc1 + �0 [zuc0uHH0 � ZuCH0uh0]

= ��0ZFL0 +
�uc0RH0a0 + �(uCH0R0 + uC0RH0)A0

1 + � c
(13)

and �nally
��t+1 (FKt+1 + 1� �) = �t (14)

1.2 Optimal Policy is Determined by Wealth-to-Earnings Ratio

Proposition 4 states that if the policy �� solves the optimization problem when the welfare of a single
household (I = 1) with initial state �s = (�z; �a0) is considered, then this policy is also optimal for all
households with the same ratio �a0=�z1+ .

Suppose that
�
��; ��;

�
Ct;Ht;Kt+1; �ct; �ht; ��t; ��t;

��t
	
t

�
solves (1) to (14) when the initial state is �s. To

demonstrate that Lemma 4 holds, I will construct another set of variables,
�
�̂; �̂;

n
Ct;Ht;Kt+1; ĉt; ĥt; �̂t; �̂t; �̂t

o
t

�
that solves (1) to (14 when the initial state is ŝ =

�
ẑ = ��z; â0 = �1+�a0

�
. Since this solution has the

same aggregate outcome (i.e. the same C, H, and K) it is implemented by the same policy ��.

Recall that the �rst-order condition for labor supply is

ht =

"�
1� �ht

�
wtz

� (1 + � c)

#
:

This directly implies that ĥt = ��ht under policy ��.

Note �rst that equations (1) and (3) are una¤ected when we solve for household ŝ rather than household
�s. Second, I claim that ĉt = �1+�ct. Note that ĉt = �1+�ct and ĥt = ��ht imply that

ûct = ���(1+)�uct;

ûht = �1��(1+)�uht;

ûcct = ��(�+1)(1+)�ucct;

ûcht = ���(1+)� �ucht;

and
ûhht = ���(1+)+1� �uhht:
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Using also â0 = �1+�a0, equation (2) for household ŝ can then be written asX
�t
h
���(1+)�uct�

1+�ct + �
1��(1+)�uht�

�ht

i
=

���(1+)�uc0R0�
1+�a0

1 + � c

+X
�t
�
�uct�ct + �uht�ht

�
=

�uc0R0�a0
1 + � c

which is equation (2) for the �s household. That is, if
�
�ct; �ht

	
ful�ls the implementability constraint

for household �s, then
n
ĉt = �1+�ct; ĥt = ��ht

o
ful�ls the implementability constraint for household ŝ.

Similar observations are immediate for equations (4) and (5).

We next see that equation (6) holds for
n
ĉt; ĥt

o
if it holds for

�
�ct; �ht

	
and if �̂ = ��, �̂t = �1+��t and

�̂t = ���t. This in turn implies that (7) holds if �̂ = �(1��)(1+)�� and �̂t = �(1��)(1+)��t. It is then
straightforward to verify that also (8) to (14) are satis�ed, which con�rms that �� is also the optimal
policy for household ŝ.

1.3 Many Optimized Households and a Stand-In Household

Consider a policy �� that maximizes the social welfare function

W (��) =
X
i

!i

1X
t=0

�tu (ct (si) ; ht (si))

where the �rst sum is over households in the economy, and !i is the weight put on household i�s welfare.

Proposition 5 states that the policy �� is also optimal for a stand-in household with initial allocations
(�a0; �z = 1).

Suppose that
�
�; fCt;Ht;Kt+1; �tgt ; f�i; fcit; hit; �it; �itgtgi

�
solves the system of �rst-order equations

(A.1)-(A.14) in Appendix A in the paper. To demonstrate that Proposition 5 holds, I will construct an-
other set of variables,

�
��; ��;

�
Ct;Ht;Kt+1; �ct; �ht; ��t; ��t; �t

	
t

�
that solves (1) to (14) when the optimization

is with respect to the welfare of a single stand-in household with initial state �s = (�z = 1; �a0) for some �a0.
Since this solution has the same aggregate outcome as the solution to the many-households problem (i.e.
the same C, H, and K) it is implemented by the same policy ��.

From the �rst-order condition for optimal labor choices we see that �ht = z�i hit under policy ��. De�ne
xi = (uci0=�uc0)

1=�. It then follows that

�ct � �
�h
1+1=
t

1 + 1=
= xi

 
cit � �

h
1+1=
it

1 + 1=

!

and
�ct = xicit +

�
z�1�i � xi

�
� (hit)

1+1=
= (1 + 1=) (15)

Note now that
�uct = x��i ucit; (16)

�uht = z�1i x��i uhit; (17)

ucct = x���1i uccit (18)

�ucht = z�1i x���1i uchit; (19)
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and

�uhht = z�2i x���1i

�
uAhht +

�
z1+xi � 1

� uhit
hit

�
: (20)

The solution to the many-households problem satis�es (A.11) while the solution to the one-household
problem must satisfy (11), i.e.:

�� (uC0 + uCC0C0 + uCHH0)� ��0uCC0�uc1 + ��0 (�z�uc0uCH0 � ZuCC0�uh0) = ��0 +
�uCC0R0A0
1 + � c

: (21)

Using (16) and (17), (A.11) can be rewritten as

� (uC0 + uCC0C0 + uCHH0)� uCC0�uc1
X
i

x�i �i0+

(�uc0uCH0 � ZuCC0�uh0)
X
i

zix
�
i �i0 = �0 +

�uCC0R0A0
1 + � c

:

Thus, if p is some constant and we let �� = p�1�, �vt = p�1vt, ��t = p�1
P

i x
�
i �it, and ��t = p�1

P
i zix

�
i �it

we see that (21) holds. We also see that these multipliers together with (A.7), (A.9), and (A.13) imply
that the corresponding one-household equations (7), (9), and (13) hold. Note that xi is unknown until
we have determined �a0 and identi�ed the stand-in household. De�ne therefore yi = (uci0=uc10)

1=� and
note that all yi are known when we have solved the many-household problem. Note also that xi = yix1 so
that the multipliers �� and �� can be rewritten as ��t = p�1x�1

P
i y
�
i �it, and ��t = p�1x�1

P
i ziy

�
i �it, where

x1 is still unknown.

The solution to the many-households problem also satis�es (A.10) while the solution to the one-household
problem must satisfy (10):

�uc0 + ��
�
�uc0 + �ucc0�c0 + �uch0�h0

�
+ ��0�ucc0uC1 +

��0 (�ucc0uH0 � ZuC0�uch0) =
���ucc0R0�a0
1 + � c

: (22)

Now multiply each (A.10) by x�1i and then sum over all households to getX
i

x�1i !iuci0 +
X
i

x�1i �i (uci0 + ucci0ci0 + uchi0hi0) +
X
i

x�1i �i0ucci0uC1+

X
i

x�1i �i0 (ziucci0uH0 � ZuC0uchi0) =
P

i x
�1
i �iucci0R0ai0
1 + � c

:

Using (15) to (19) this can be rewritten as

�uc0
X
i

x��1i !i +
�
�uc0 + �ucct�c0 + �uch0�h0

�X
i

x��1i �i + �ucc0uC1
X
i

x�i �i0+

(�ucc0uH0 � ZuC0�uch0)
X
i

x�i zi�i0 =
�ucc0R0

P
i x

�
i �iai0

1 + � c
: (23)

Using our previous conclusions about the multipliers we can write (23) as

�uc0x
��1
1

X
i

y��1i !i +
�
�uc0 + �ucct�c0 + �uch0�h0

�X
i

x��1i �i + �ucc0uC1p��t+

(�ucc0uH0 � ZuC0�uch0) p��t =
�ucc0R0

P
i x

�
i �iai0

1 + � c
: (24)

Now let p = x��11

P
i y
��1
i !i and divide by p on both sides in (24) to get

�uc0 +
�
�uc0 + �ucct�c0 + �uch0�h0

�
p�1x��11

X
i

y��1i �i + �ucc0uC1��t+

(�ucc0uH0 � ZuC0�uch0) ��t =
�ucc0R0x

�
1

P
i y
�
i �iai0

1 + � c
:
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Let now

�� = p�1x��11

X
i

y��1i �i

=

 X
i

y��1i !i

!�1 X
i

y��1i �i

!
: (25)

Note that all variables on the right hand side in (25) are known when the many-households problem has
been solved. As a result �� can be calculated and it will be possible to identify the stand-in household as
described below.

We now see that (10) holds if
���a0 = x�1

X
i

y�i �iai0

which is the case if we let

�a0 = ��
�1
x�1
X
i

y�i �iai0

= x�1

 X
i

y��1i !i

! X
i

y��1i �i

!�1 X
i

y�i �iai0

!
:

We can also verify that this multiplier �� and initial wealth position �a0 together with (A.6), (A.8), and
(A.12) imply that (6), (8), and (12) hold.

Identifying the stand-in household: The expression for �� in (25) demonstrates that this multiplier
on the stand-in household�s implementability constraint is a weighted average of the multipliers for the
optimized households in the many-households problem. If we consider solutions to the one-household
problem for di¤erent initial wealth positions â0 (but with �xed productivity �z), the resulting multiplier
�̂ is continuous in â0 and it will be possible to �nd the unique â0 such that �̂ = �� as speci�ed in (25).
After �nding this â0 that implies �� we know �a0 = â0 and can therefore calculate x1. This in turn
implies that we can calculate all variables in

�
��; ��;

�
Ct;Ht;Kt+1; �ct; �ht; ��t; ��t; �t

	
t

�
as speci�ed above.

The calculations above demonstrate that these variables ful�l the �rst-order conditions for the stand-in
household, and thus that optimization with respect to this household will result in the same optimal
policy as optimization with respect to the welfare of the group of households initially considered.

Practical implications: In principle we can thus �nd �� by solving the many-households problem
and then constructing the stand-in household as demonstrated above. The problem motivating the
construction of a stand-in household is however that it is numerically di¢ cult to solve the many-household
problem. Proposition 5 instead demonstrates that a stand-in household exists. Knowing this, and
knowing that only the wealth-to-earnings ration a0=z

1+ a¤ects the optimal policy, we can conclude
that the solution to the many-households optimization problem can be found numerically by searching
for the initial wealth position â0 that that maximizes the welfare of these households when the policy is
optimized for a stand-in household with initial state (�z = 1; â0).

1.4 Constraints on the Capital-Income Tax

We �rst consider the case when the tax rate is restricted not to exceed the initial value, i.e. �kt � �kss.
1

The solution will then have the property that �kt = �kss for t � t�, and �kt < �kss for t > t�. I therefore
guess that t� = t̂, solve the problem with the constraint �kt = �kss for t � t̂ imposed, and then check if
�k
t̂+1

< �kss. If so, and if this is the smallest t̂ where this is the case, then I conclude that t
� = t̂.

1Note that the speci�cation in the paper already contains the restriction that the captil tax rate in the �rst period is
equal to the initial tax rate, �k0 = �

k
ss.
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After guessing t̂, the problem is to solve the same problem as described in Section 3 in the paper but
with the additional restriction on capital taxes,

�kt = �kss for t � t̂:

Using the equilibrium condition FKt = rt + � and the de�nition of Rt, note that the tax rate can be
written as

�kt = 1 +
1�Rt
FKt � �

:

The Euler equation further implies that Rt+1 = uc (Ct;Ht) = [�uc (Ct+1;Ht+1)] so that the constraint on
capital taxes can be written as

1 +
1� uc (Ct;Ht) = [�uc (Ct+1;Ht+1)]

FKt+1 � �
= �kss for t � t̂:

Let then2

	(Ct�1;Ht�1; Ct;Ht;Kt) = 1�
uc (Ct�1;Ht�1)

�uc (Ct;Ht)
+
�
1� �kss

�
(FKt � �) :

so that the constraint on capital taxes can be written as

	(Ct�1;Ht�1; Ct;Ht;Kt) = 0 for 0 < t � t̂: (26)

The Lagrangian to this problem is then

$ =
1X
t=0

�tW (ct; Ct; ht;Ht; �;�)� (�uc0a0 + �uC0A0)
R0
1 + � c

+

1X
t=0

�t�t [F (Kt; ZHt) + (1� �)Kt � Ct �Kt+1 �G] +

1X
t=0

�t�t [uctuCt+1 � uCtuct+1] +

1X
t=0

�t�t [zuctuHt � ZuCtuht] +

t̂X
t=1

�t t	(Ct�1;Ht�1; Ct;Ht;Kt)

where �; �, �, and  are Lagrange multipliers. The �rst order conditions for ct, ht, �, �, �t, �t, �t are
una¤ected by the restriction on the capital-income taxes but the �rst order conditions for Ct, and Ht

become (for t > 0)

WCt � �tuCCtuct+1 + �t�1uct�1uCCt=� + �t [zuctuCHt � ZuCCtuht] + � t+1	C�t+1 +  t	Ct = �t

WHt � �tuCHtuct+1 + �t�1uct�1uCHt=� + �t [zuctuHHt � ZuCHtuht] +
� t+1	H�t+1 +  t	Ht = ��tZFLt

if we let  t = 0 for t > t̂, and (for t = 0)

WC0 � �0uCC0uc1 + �0 [zuc0uCH0 � ZuCC0uh0] + � 1	C�1 = �0 +
�uCC0R0A0
1 + � c

2 I will let 	C� and 	H� denote the derivative of 	 with respect to its �rst two arguments.
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WH0 � �0uCH0uc1 + �0 [zuc0uHH0 � ZuCH0uh0] + � 1	H�1 +  t	Ht

= ��0ZFL0 +
�uc0RH0a0 + �(uCH0R0 + uC0RH0)A0

1 + � c

and the �rst order conditions for Kt+1 becomes

�
�
�t+1 (FKt+1 + 1� �) +  t+1	Kt+1

�
= �t;

while (26) is the �rst order condition for the multiplier  t.
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